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Substructure Method for SSI Analysis

The substructure method is one of powerful numerical
procedures for SSl analysis. We study the basic
theoretical concept of the substructure method.

B :/Building-Foundation

GL {Xg}

F : Interface
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Fig.1 Building-Foundation and Soil System

Consider the Building-Foundation and Soil Interaction
system shown in Fig.1.



The interaction system consists of B region (Building-

Foundation), S region (Soil) and F region (Interface
between B and S region).

The F region can be regarded as the contact surface
between the B and the S region.

B :/Building-Foundation

¥
P
G.L {XB}
{Xs}
~ S : Soll

K‘F : Interface

1XF}

Fig.1 Building-Foundation and Soil System



Based on the FEM modeling technique, the equation of the
motion for the Interaction System shown in Fig.1is
represented by:

[Keg]l [Kgrl [0]1 |[{Xg}| [{0}
Krel [Krr]l [Krs]l[{XfF};=1{0}¢ (1)
[0] [Ksr]l [Kssl|{Xs} [{Q}
where, B
[K,;] : dynamic stiffness matrix &;}
{X;} : absolute displacement vector {
{Q} : earthquake disturbance vector N {Xs}S {XE}

The indexes | and J indicate the B /EQ}
region, the F region and S region.

That is, the index B refers to the Building-Foundation, F
to the interface and S to the soill.



The stiffness matrix in Eq.(1) includes
[ 0O ] matrix,

Kl [Kerl [0] [[{XB}

 [0] [Ksr] [Kssl]||{Xs}

which means that the B region does
not touch directly the S region but

touches the S region through the F
region.

Krs]l [Krrl [Krsl[R{XF};=

e

{0}
{0}

{Q}

B

(1)



Dynamic stiffness matrix [K ;] , which includes the mass,
the damping and stiffness, is expressed by:

Kiyl= [li]—m2[mlJ]5|J + i0)2[CIJ] (2)

where, [k],[m,]and [c,] are stiffness, mass and
damping matrix. And 6,,=1 when | is equals to J, while
0,,=0 when | is not equal to J.



Because the index F indicates the interface between B
and S region,

the dynamic stiffness
matrix [K.-] consists of
the dynamic stiffness
[Keeg] for B region and

[Kees] for S region as
shown in Fig.2.

_ Fig.2 Decomposition of [Kgg]
That is:

[KFr]l=I[KrFB]+KFFS] (3)



In Eq.(1) :

[Kesl [Kerl [0] |[{Xg}] [{O}]
Kre]l [Krrl [Krs] [ {XF};=4{0}¢ (1)
[0] [Ksp]l Kssl|{Xs} [{Q}]

e

The second equation in Eqg.(1) (expressed by Eq.(1-2)) is:
[Kes KXB} + [KFr KXF} +[KFs K Xs} ={0} (4)

Substituting Eq.(3) : [KrFrl=IKFrBl+IKFFS]  (3)

into Eq.(4) gives.
K {XB}  ([KFFB ]+ [KFFs {XE} + [KFs {Xs } = {0}

. ([Kes KXB} + KB KXED + ([Kpps KXE} + [KEs {Xs) = {0}
5)



Expressing the first parenthesis in Eq.(5):

(IKes {XB} +[KErB KXED + ([Kpps KXE} + [Kps {Xs) = {0}

(5)
by:
[KrBKXB} + [KFFBRXF} = —{F} (6)
Then, the second parenthesis must be:
[Krrs KXF} + [Krs{Xs} = {F} (7)

where, {F} denotes "Interaction F
Force Vector" between B and S

region, and is applied on the B S
Interface F.




Joining Eq.(1-1):

K] I
Kre] [KFF.
[0] [KsF.

with Eq.(6) :

[KrB KXB} + [KFFBKXF } = —{F}

gives:

|

[Ke] [KpF]
Krs]l [KFrBI

[Krs]
Kssl]

f

[0]

{XB}
{XF}

|

{XB}
{Xg};
{Xs}]

|

(0}
-

e

|

o)
{0}

1Q}

(1)

(6)

(8)



Also, joining Eq.(7) :
[Krrs KXF} + [Krs{Xs} = {F} (7)

with Eq.(1-3) :

[Kesl [Kerl [0] |[{Xg}] [{O}]
Kre]l [Krrl [Krs] [ {XF};=4{0}¢ (1)
[0] [Ksp]l Kssl|{Xs} [{Q}]

e

leads to:

[[KFFS] [KFS]H{XF}}:{{F}} )
[Ksr]l [Kssl||{Xs}] |{Q}



All entries in the dynamic stiffness matrix of Eq.(8) :

[[KBB] [KBF]H{XB}}:{{O}} (8)
Krsl [Krel|[{XF}) [(—{F}

can be determined by the material constants of B region,

while that of Eq.(9):

[[KFFS] [KFS]H{XF}}:{{F}} )
[Ksr]l [Kssl||{Xs}] |{Q}

by S region.



You can see that Eq.(1):

[Keel [Kgrl [0] [[{Xg}] ({0}
Kre]l [Krrl [Krs] [ {XF};=4{0}¢
[0] [Ksr]l [Kssl|l{Xs}) [{Q}

IS separated into Eq.(8) :
[[KBB] [KBF] ]{{XB}}:{ {0} } )
Krsl [KreBl|[{XF}] [|-{F}
and Eq.(9):

[[KFFS] [KFS]H{XF}}:{{F}} )
[Ksr]l [Kssl||{Xs}] |{Q}

—
e

Eq.(8) and Eq.(9) are jointed by the interaction force
vector {F} on the interface F.

(1)



The mechanics for E(Q.(8) :

[[KBB] [KBF] H{XB }} _ { {0} }
Krsl [KreBl|{XF}) |-1{F}

can be expressed by Fig.3:
which governs the B region including the F region.

B : Building-Foundation

/

/

/V
......................... Xg)

\

F : Interface

Fig.3 Mechanics of Eq.(8)

(8)



And also, the mechanics of Eq.(9) :

[[KFFS] [KFS]H{XF}}:{{F}} )
[Ksr]l [Kssl||{Xs}] |{Q}
IS illustrated by Fig.4:

G-L ...........................

Void {F}
X
SR
S - Soil F : Interface

/i)

Fig.4 Mechanics of Eq.(9)

The equation governs the S region including the F region
with a void.

The void indicates the soil part which is excavated.



In Eq.(9):
[[KFFS] Krs ]H{XF}} :{{F}} )
Ksr]l [Kssl|l{Xs} [{Q}
the external force term vector can be decomposed into:
{Fr| j{F}| . {0}
{{Q}}_{{O}}+{{Q}} (0)

The corresponding displacement vector are defined by:

{XrF} _ [{XFr} {XFq}} "
{{XS}} {{XSf}}Jr{{XSq} )
The first vector {{X .} {{X}}' in the right hand side is due

to the interaction force vector {{F} {0}},

while the second {{X } {{Xs}}' to the earthquake
disturbance vector {{0} {Q}}".



That is, the first and the second terms of Eq.(11):

Xk} [Xre}|  [{XFq}

{{XS}}_{{XSf}}+{{XSq}} .
are the solutions of the equations below:

[[KFFS] [KFS]H{XFf}}:{{F}} 12)

[Ksrl [Kssl|{Xsf} {0}

and

[[KFFS] [KFS]H{XFq}}: {{0}} (13)
KsFl [Kssl|{Xsql [{Q}



The mechanics of Eq.(12) :
[[KFFS] [KEs ]H{XFf }} . { {F} }
[Ksr]l [Kssl]||{Xst} {0}

can be explained by Fig.5:

G-L ...........................
Void )/\'{‘F}
{Xst}
—_— {XFs}
S - Soil F : Interface

Fig.5 Mechanics of Eq.(12)

(12)



And also, the mechanics of Eq.(13):
[[KFFS] [KFS]} {{XFq}} . {{0}}
[Ksrl [Kssl||iXsql] [{Q}

can be explained by Fig.6.
G.L

Ksad 7R {Xeg)

S : Soil F : Interface

/)

Fig.6 Mechanics of Eq.(13)

(13)



In Eq.(12):

Krrs] [Krsl|j{XFf}| | {F}
[ [Ksrl [Kss ]H{XSf }} B { {0} } (12)
Eq.(12-2) is:
[KspKXFs} +[Kss{Xsf} = {0} (12-2)
and the displacement vector {X} is obtained as:
{Xsr}=—KssT ' KsFKXFr} (14)

Substituting Eq.(14) into Eq.(12-1) leads to:
[KFrsKXFf} +[KFs{Xsf}
= [KFrs KXFr} - [KFsIKss] ™ [KsFKXFr}
= (Krrs]-KrsIKss] ™ KsFD{XFs} = {F} (15)



Because {X_} Is the displacement vector and {F} is the
force vector in Eq.(15):

(Krrs]-[KrslKssT ' Kse X} ={F}  (15)

the term in the parenthesis in the left hand side refers
to the stiffness matrix.

Putting:
[Kel= Kers]l-KrsIKss] KsF] (16)

Then, Eqg.(15) can be expressed by:
[Ke{XFf} = {F} (17)



The matrix [Kc] in Eq.(17):
[Ke{XFf} = {F} (17)

Indicates the dynamic stiffness matrix of the soil with
the void which is evaluated at the interface F.

The mechanics of Eq.(17) is illustrated by the figure:
G.L

ooooooooooooooooooooooooooo

S : Soil Void {F}

{XFr}
F : Interface {F}=[Kr{XFs}

The matrix [K ] is called "Dynamic Impedance matrix of
soil at the interface F".



Because Eq.(11-1) in Eq.(11):
{{XF}} _ {{XFf }} +{{XFQ}} (11)
{Xs} {Xsf}) |iXsql

{XF}={XFf}+{XFq} (18)

1S:

the interaction force vector {F} of Eq.(17) :
[Kr KXFf} =1F} (17)

can be expressed by:

{F} = KFIQXF} —{XFq}) (19)



Substituting Eq.(19):
{F} =IKFICXF}—{XFq}) (19)
into Eq.(8) :

[[KBB] [KBF]H{XB}}:{{O}} )
Kkl [KFeB1||{XF} —{F}
leads to:

[[KBB] [KBF]H{XB}}: {0}
Krg] Keesl|liXe} |- IKFIEXE}-Xeqh)| 80
And transforming to :
[[KBB] [KgF] H{XB}}:{ {0} } 1)
Krg]l [Krrl+[KE1|[{XF}) [IKFKRXFq}

The term [K (X} Is called "Driving Force Vector”.



There are a few textbooks on the soil structure interaction:
In which the explanation of SSI begins with Eq.(21):

[[KBB] [KgF] H{XB}}:{ {0} } 21)
Kegl [Krrl+IKF1[({XF}) |[KFKXFq})

G.L ..........................
B : Building-Foundation L Void —
/ {Xrq}
¥ g F .
- '
G.L {XB} /{Q}
((Fomeree o
{Xg} S /L Void QF}
S : Soil
> Xer

F {F}=IKel{Xe)




Getting back to Eq.(13):

[[KFFS] K FS]H{XFq}} . {{0}}
Ksr]l [Kssl||iXsql] |{Q}

The dynamics of Eq.(13)
can be explained by
Fig.7:

When the soil has the
void, the stresses along
the F must disappear.

(13)
G-L ..........................
Void
(Xsq) —
j——-—V \ {XFq}
S - Soil F : Interface

/@

Fig.7 Soil with the Void

The displacement vectors {{X.} {qu}}T are the earthquake
response displacements of the soil with the void,

and it is slightly difficult to compute them.



Consider the soil before GL
the excavation as shown

in Fig.8: S /{G} \
where the void is X sq} St ' S

. . . — X Fq!
occupl.ed \{Vlth the 50|I.. s . soi E - Interface
The soil without the void
becomes a layered soll /{Q}

media without the

geometrical irregularity. Fig.8 Soil before Excavation

When the earthquake disturbance is the incident SH wave,
the earthquake response analysis of this type of the soil
can be done easily by the one dimensional shear wave
propagation theory (a computer code "SHAKE").

After the earthquake response analysis of the soil shown
In Fig.8 without a void, the displacement vector {{X°.}
{XSSq}}T, and the stress vector {c} on the F can be obtained.



Appling the stress vector {c} In the reverse direction on
the interface F as shown in Fig.9:

the displacement vector {{X°} {XC‘Sq}}T are caused.

G.L
WPl
Xlsa X 0y
o S? F : Interface

Fig.9 Counter stress -{c} application



The numerical condition of Fig.7:
can be decomposed into that of Fig.8 and Fig.9:

and sum of Fig.8 and Fig.9
satisfy the disappearance of GL

the stress {c} along the F. /{o}
{)( Sq} ....................... )(
GL { Fq/
.......................... S - Soi E - Interface
Void
—
X
{ Sq} \ {XFq} /{Q}
S : Soil F - Interface Fig8 Soil before Excavation
G.L
/ {Q}
....... o —
Fig.7 Soil with the Void {X Sq} "‘\ {XG }
~—— Fq
{XFq}:{XSFq}-l_{XGFq} S : Soil F : Interface

Fig.9 Counter stress {c} application



The displacement vectors {{X.} {qu}}T are the earthquake
response of the soil with the void,

{{xFq}} ﬁ{XS} (XE,) 22
{Xsq} {x sqt| |Xgqt

—
e
—

which can be expressed by the sum of {{X°. } {XSSq}}T and
X} X Y.



In Eq.(22): o .
{{XFq}}_ {ng} {ng}

= -+ 9 - (22)
X S c
Wsal] (Xl XSl .,
The f . . f{c}
e first term in the right x> Sq} .......................
hand side corresponds to \ {X Fal
the earthquake response of S : Soil F: Interface
the soil without a void, /{Q}
Fig8 Soil before Excavation
G.L
while the second to the o} |
response of the soil without {XOgqp Mg ’\xg
the void due to the counter ~— | X Fa)
stress -{c} on the interface F. S : Soil " ¢ Interface

Fig.9 Counter stress {c} application



Expressing the dynamic stiffness of the soil within the
void by [K, ], which will be excavated as shown in Fig.10:

Then, the equation of motion for Fig.8 condition:

Soil which will
G.L GL b/e excavated.
: - : x
. plod K
{XSSq} S e S {XS ) . [ V] ....... ; XS
—— Xk} sal, N\ X"Fq}
S : Soil F: Interface S : Soil F : Interface

/@ /@

Fig.8 Soll before Excavation Fig.10 Soil before Excavation

can be expressed by:

[[KFFS]JF[KV] [KFS]} {Xlgq}%{{o}} (23)
[KsFl Kssl {Q}




In Eq.(23):

r S )
[[KFFS]Jr[KV] [KFS]} Prat| _ {{0}} 23)
[KsF] [Kss] {xgq} {Q}

The first equation becomes:
S S
(KersT+ Ky INXE )+ KEs XS}

= Ky XEo} + (KFrsKXEo + KFS XS D=0} (24)



As shown in Fig.11: Soil which will

Because [K,] is the dynamic be excavated.
stiffness matrix of the solil part goasenaseneees —

hich will b t K ;
which wilbs ecavated - { Kl |
and {X> }is the displacement \ {X"Fq}
vector of the soil without the
void {c} F : Interface
[KV] times {XSFq} coincides Fig.11 {0'}=[KV]{xqu}
with the stress vector {c} on
the F.

That is: {o}= [KV]{XEq} (25)
Substituting Eq.(25) into Eq.(24):
Ky KXE 3+ (Krrs KXE + [Kps KXZ D= {0} (24)
Then,
KrrsKXpH+ KFsKX = o} (26)



Joining Eq.(26):

KFFSIXPo) + [KsKXS,} = o}

with the second equation:

[KspliXgg} + KssHXgq} = {Q}

In Eq.(23):

[[KFFS]JF[KV] [KFS]}
[KsFl] Kssl

leads to:

[[KFFS] [KFS]} {XS ;

[Ksr]l [Kssl

{xgq}

S
X3qH

_ {— (o}
Q)

r{xs }ﬁ% _{

|

10}
{Q}

(26)

(23-1)

} (23)

(27)



From Eq.(22).

{{XFq}} _ ;{ng}“ r{)(I(gq}

Xsal] X5 |1Xgg)

-

- (22)

h_ S

the displacement vector {X>., Xg }' becomes:

S oo
! gq}%:{g“*;}—f Eq}% (28)
L{qu }J S L{qu }J

where,

{X5 X354}' : earthquake response of the soil
before the excavation

{Xeq qu}T . earthquake response of the soll after
the excavation

Xs_ Xs. 1T :response of the soil before the
Fq " Sq .
excavation due to the stress vector {c}
onthe F



Substituting

FaCO (08 3) e [0X20
1oos :{X}_ﬁc% (28)
{Xgq} sal] | {Xg,)

into Eq.(27):

[[KFFS] [KFS]} {ng} %_{— {G}}
1rvS 2~ (27)
[Ksr] [Kss] {Xgq!

We obtain Eq.(29):

Kees] KesT] [Xeatl (X3 (o
[[ FFs] | FS]}G Fol| | YFq %):{{ }}{{G}} 29)
[Ksrl [Kssl {Xgq? {Q}) ({0}

Note: The right hand side of Eq.(27) is decomposed.



Eq.(29):

[[KFFS] [KFs]

[Ksepl [Kssl

r{X

|

{X

Fq}

can be decomposed into:

[KsFl]

[KsFl

[KFFs] [KFS]} ﬁ
Kssl

e
N

Sq }J

x
{X

{X

[KFrs] [KFS]} {XEq}
[Kss]

Sq}

Fq}

Sq }J

=

.

|

10}

{c}
{0}

)=

ol |

{Q}} (30)

} (31)

Of course, Eg.(30) is the same to Eq.(13).

{0}
{0}

} (29)



The matrix [KF] indicates
the dynamic impedance of
the soil without the void as

shown in the figure.

And,

(XZ}=IKF1 Yo} (35)

Using Eq.(22-1),

GL

[K"e]{X°rq}={c}

Xeqt = XEo +IXEq) = XR} +IKET (o} (36)

Getting back to Eq.(21):

PKBB] [KBF]
Kre] [KFrl+IKF]

f

{XB}
{XF}

§

{0}
KeliXeq}| V)



In Eq.(31):

[[KFFS] [KFS]}{XI(:;q}%{{G}} o
Ksel [Kss) oy G

the second equation is:
G G y_
KsFIXEq} + KssKXg ) = {0}

that is:
i —1
. {Xgqt = TKssl KsrKXg,} (32)
and the first equation is:
O O
[KFFSRXEq} + [KFS KX g}

- (Krrs]-[KrslKss] ' KsrIXXE ) ={o}  (33)



As same as Eq.(17) :

[Kr KXFf} =1F} (17)

which denotes the dynamic impedance of the soil with
the void on the F,

Eq.(33):
(Krrs1-[KrslKss 1 [Ksk ]){ng} ={c} (33)

can be represented by: GL

KEHXEQh =t} (34 AR =

where P K X =(o)

[KE] =Krrs]1-[KrsKss] 'Ksr]

The mechanics of Eq.(34) is shown in the figure.



GL

The matrix [KF] indicates

the dynamic impedance of
the soil without the void as . E e 1
shown in the figure. [K"e{X°q}=t0}

o Xk

And,
{X,‘:’ }—[K I e} (35)
Using the first equation in Eq.(22):

e
{{XFq}} [Prall, [Pl @2
Xsal] X5 |1Xgq)!

R o
R o

The displacement vector {Xg,} can be expressed by:

Xpqt = {X gl + XFq! = {X }+[K] Yo} (36)



Getting back to Eq.(21):

[[KBB] [KBF] H{XB}} { {0} } »
Krg]l [Krrel+KFl|{XF}Y [IKFKXFq! (21)
Putting Eq.(36):

Xpqt = {X }+{X q = {X }+[KE] {c} (36)
into Eq.(21),

Then, Eq.(21) is transformed into:

Keel  [Kerl |[{XB}] i {0} i
Krl Krrl+KFl][{XF} |KFIOXEqd+KED "o}

(37)



[Kc] Is the dynamic
Impedance function of the
soil with the void,

The calculation of [K_] IS
little bit difficult.

However,
[Kelis [KF] minus [K,] :

[Kel=KE]-[Ky]
Where,
[KFc] is the dynamic
stiffness matrix of the soll
without the void

and [K,] is the dynamic

stiffness of the soil part which

will be excavated.

GL [KF]

} Void /{'XFq}
\ {c}

¢ F
{Xrqt=[Kel{c}
G.L [K'e]
i {X’kq)
S AN :{\F.q
F/".. ......................... i

{c}=[K X Fq)

Soil which will
be excavated.

{o}=[Kul{X®cq}



GL [KF]

Void |/{’XFq}
\' {c}

F
S

{o}=[K e l{X Fq}

XFQ}=[Ke[{c}

[Kel=[KFe] -[Ky]

Soil which will
be excavated.

{0}=[Kv]{xqu}



Dynamic Soil Structure Interaction

END

Substructure Method
For SSI Analysis

Kenji MIURA, Dr. Eng.
Professor
Graduate School of Engineering

Hiroshima University



	スライド番号 1
	スライド番号 2
	スライド番号 3
	スライド番号 4
	スライド番号 5
	スライド番号 6
	スライド番号 7
	スライド番号 8
	スライド番号 9
	スライド番号 10
	スライド番号 11
	スライド番号 12
	スライド番号 13
	スライド番号 14
	スライド番号 15
	スライド番号 16
	スライド番号 17
	スライド番号 18
	スライド番号 19
	スライド番号 20
	スライド番号 21
	スライド番号 22
	スライド番号 23
	スライド番号 24
	スライド番号 25
	スライド番号 26
	スライド番号 27
	スライド番号 28
	スライド番号 29
	スライド番号 30
	スライド番号 31
	スライド番号 32
	スライド番号 33
	スライド番号 34
	スライド番号 35
	スライド番号 36
	スライド番号 37
	スライド番号 38
	スライド番号 39
	スライド番号 40
	スライド番号 41
	スライド番号 42
	スライド番号 43
	スライド番号 44
	スライド番号 45
	スライド番号 46
	スライド番号 47

