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One-Dimensional Shear Wave Propagation Theory

Consider a shear column with unit cross-section area,
and it has G of shear modulus and p of mass density.
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(1) Eq. of Motion
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Putting Eqg.(3) into Eq.(2): l uHBulsz)dz
p@ _ G@ (4) z
6t2 622 Fig-1 Shear Column

Eqg.(4) is an equation of motion for one-dimensional
shear wave propagation.



(2) Solution of EqQ.(4)

The velocity V of shear wave (S-wave) is expressed by:

V=,G/p (5)
Using V, Eq.(4) can be transferred to:
52U 2 o%u
— =V T (6)
ot 1674
The solution of EqQ.(6) Is given by:
Z Z
u(z,t)=E(t+—)+Ft—— 7
(2.8 =E(t+ ) +F(t-1) (7)

where, E(t+z/V) and F(t-z/V) are arbitrary functions.



E(t+z/V) indicates the
displacement due to a
backward propagating
wave which propagates in
the negative z direction.

while F(t-z/V) due to a
forward propagating wave
propagating in the
positive z direction.

Wave propagation from t=0 to t=t;



z z
Putting: ¢=t+— =t—— 8
utting 1 ¢=t+& - m=t-o (8)

then, u(z,t)=E(g)+F(n) (9)

The shear stress tis also expressed by:
ou(z,t)

Wz t)=G _ G'{6E(t+z/V) N 6F(t—z/V)}
1574 1574
OE(c) og oOF 1 OE oF
ey (c) o | (n)f?n}:G ¢ (c) (n)} (10)
ogc 0z On oz V' 0Oc on
The coefficient G/V denotes impedance:
2
G pV .
— =" —pV . Impedance 11
v- vy P p (11)
Eq.(10) is expressed by:

0g on



[problem-1] Proof that Eq.(7) is the solution of Eq.(6).

(proof)
ou(zt) _0E() ds  oF(m)on _ 1 OE(s) oF(m), (a)
oz ¢ oz on 0z V o on

2%u(z,t) 1,0°E(c)ac o°F(m)an, 1 ,0%E(c) . 9°F(n)
2 VY .2 5z =t N I
Fovd \' oc> 0z 5112 0z° 2 6g2 5112

ou(z,t) _ dE(¢) d¢ 6F(n)an 6E(<;) oF(n)

(b)

()

ot oG at on ot oG on
o°u(z,t) _ 9°E(q) 5  0°F(n) on _ 9°E()  9°F(n)
5t2 6g2 at 5112 ot 6g2 6112 (d)

Substituting Eq.(b) and Eq.(d) into Eq.(6):
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(3) Transmission and Reflection

Consider the wave
propagation in two

L . E.(t +z/V
semi-infinite media 1(t +2/Vy)

- Transmission Wave

ﬁzjrhe(?wn In the G1 P2 P
Medium 2

G, p2 Z
Fo(t - z/V))

Ez(t +z/ Vz)

_ : Reflection wave
: Incident Wave

When the wave E, (t+z/V,) propagates upward and reaches
at the interface (z=0) between two media, this wave is
divided into the transmission wave E,(t+z/V,) and the
reflection wave F,(t-z/V,) .



The displacement and shear stress in medium 1:

uq(z,t)=Eq(t+z/Vq)=E1(s1) (13)

t1(z,t)= G4 oul(z.Y) _ G 0E1(c1) 951 _ G1 9E1(s1)
0z 01 0z V1 Oc

2
P1Vy E1(cq) oE1(c1) Medium 1 p1, Vs
= =p1V1 (14)
Vi g 01 E,(t+z/V,)
1,(z,1) u,(z,t)
where, T
G1 :t—I—Z/V1 (15) l
A P2,V

Medium 2



Similarly, for medium 2:

u2(zt)=Ea(t+z/Va)+Fa(t-z/Va)=Ea(c2)+Fa(n2) (16)

E2(c2) dF2(n2)

12(z,t) =p2Vo{ } 17
0G2 on2 (17)
where, P11
co=t+z/Vs (18) Medium 1
n2 =t-z/Vs (19) .
l T,(2,1) u,(z,t)
z —

Medium 2 P2:V2



The boundary conditions at the interface(z=0):

uq(z =0,t) =us(z =0,t) (20)
11(z=0,t)=19(z=0,1) (21)
Medium 1 P, V4
E.(t+z/V))
1,(z=0,t) u,(z,t)
O O
l O 1 O
T,(z=0,t) u,(z,t)

Z

Medium 2 P2, Vs



Substituting Eqg.(13): U1(z,t)=E1(s1)
and Eq.(16) : u2(z,t)=E2(c2)+F2(n2)
into Eq.(20): uq4(z=0,t)=ux(z=0,t)

We obtain:  Eq(t)=Ea(t)+Fa(t) (22)
Similarly, putting Eq.(14): t1(z,t)=p1V4 aE;((”)
G1
ok oF
and EQ.(17) : to(zt) = poVpio=2(62) _ F2(n2),
052 on2

into Eq.(21): t1(z=0,t)=12(2=0,t)

E E F
Then, p1V1[a 51(;(':;1 )]Z:0 — p2V2[a 62(;(;2)—6 2522)]2:0
oE4(t OE-(t) oOFo(t
p1V1 (;t() = p2Va{ 2(t) _ oFal )} (23)

ot ot



Defining the impedance ratio a as:

p1V4
o=——- 24
p2V2 (24)
OE4(1) OEo(t) OFo(t)
. o4V _ V _
then, Eq.(23): P1V1— p2V2{ At pn }
leads to:
g oE1(t) _ OE o (t) B oF>(t) (25)

ot ot ot

Integrating Eq.(25) gives :
akEq(t) = Ea(t)-Fx(1) (26)



Adding Eq.(22): Eq(t)=Ea(t)+Fx(t)

to Eq.(26): aEq(t)=Eo(t)-Fx(t)
then,
(1+ a)Eq(t) = 2Eo(t) (27)
2
Eq(t) = mEz(t) (28)

Substituting Eq.(28) into Eqg.(26): aEq(t)=E2(t)—Fa(t)
then, 5 1
Fo(t)=Ez(t)-aEq(t) = (1- " Ea(t)=——Ea(t) (29)
+Q 1+ a

Define the transmission T and reflection coefficient R as:

2
Transmission coefficient: T=—— (30)
1+ a

Reflection coefficient : R-1-% (31)

1+ q



Using T and R, the transmission wave E,(t+z/V,) and
the reflection wave F,(t-z/V,) are given by:

Eq(t+z/Vq)=T(a)Eo(t+2/V>5) (32)
Fo(t—z/Vo)=R(a)Es(t+2/V>5) (33)

P1,Vq

E,(t+z/V,)=T(a) E,(t+2/V.) ”l

Medium1 T andR

ety | e
Z

F,(t-z/V,) =T(a) E5(t+2/V,)

P2,V a=p;1Vi/p,V;



(4) Amplification of a surface stratum
on the engineering bedrock

We consider the SH wave propagation in a surface
stratum on the engineering bedrock, when the SH wave
Eo(t) incidents.
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Engineering Bedrock



The equation of the motion is given by Eq.(6):

2 2
I _y2o ©)
ot oz

Putting: |
u(z,t) = U(z)e'®! (34)

In which o denotes circular frequency(rad./sec).

Substituting Eq.(34) into Eq.(6):

2
d ng) ( 2U(z)=0 (35)
dz
2
d U(Z)+|<2U(z):0 (36)
dz2
where ®

K= v :‘wave number(rad.s/m) (37)



d2U(z)
dz

The solution of EQq.(36) :

+1<2U(z): 0
IS given by:

U(z)=E-e™Z F.e 2 (38)
where E and F are arbitrary constants.
Substituting Eq.(38) into Eq.(34): u(z,t)=U(z)e'"!
the displacement u(z,t) can be expressed by:

u(z,t) = E.el@ttxz) | p ellot—xz) (39)

The first term indicates the wave propagating in the
negative z direction, while the second term in the positive
z direction. E and F express the amplitude of the waves.

Hereafter, the time term el®t js not written.



The shear stress 1(z) Is expressed by:
dU(z)

Wz)=G — G-ik(E-e™Z _F.e '¥2) (40)
dz
The coefficient of this equation is:
Gie=pV2 & = (pV)o (41)

The expression of the shear stress t(z) is transformed into:

wz) = i(pV)o(E -e™Z —F.eZ) (42)



Consider the wave propagation in two layered strata as
shown, when the SH wave E_exp(ik,t) incidents on the
Interface between the surface stratum and the engineering
bedrock.

G.L

F1 exp (-i k1t)

|
I I

E, exp(i kqt)
1 1 Surface Stratum

l F, exp(-i kot)

Z, ‘ 1 G: p2 k2
Engineering Bedrock
E, exp(i kot) : Incident Wave



The displacement and shear stress in both strata are given
by:
(1) for the surface stratum:

Uq(z1) = Eq -e™1%1 4 Fy .o K121 (43)
t1(z1) = (p1V)o(Eq - €™ —Fy-e 121)  (44)
(2) for the engineering bedrock:

Us(z5)=E, -e2%22 {F, .e 222 (45)

t2(22) =i(paV2)o(Eg -€™2%2 —Fy . 7*2%2)  (46)

The subscripts 1 and 2 indicate the surface stratum and
the engineering bedrock, respectively.



The shear stress at the ground G.L .'r1(z1=0) =0
surface (z,=0) becomes zero. l

Z,
11(z1 =0)=i(p1V1)o(E1—-F1)=0 (47) Surface Stratum

l

Z,
Engineering Bedrock
Therefore, the displacement and the

shear stress In the surface stratum
are:

U1(z1) = Eq(e"1%1 1+ e ¥1%1) (49)

t1(21) = i(p1V1 )0 Eq(e™1*1 —e 7121 (50)



The boundary conditions are _ GL

given at the interface between l

the surface stratum and the z, Surface Stratum
engineering bedrock.

Ua(zp =0)=Uq(z1=H)  (51)
t2(22 =0)=19(z1 =H) (52)

ux(z,=0) = us(zs=H)
O

l T2(22=0) = T1(Z1=H)
Substituting Eq.(45) and Eq.(49) Z,
into Eq.(51):

H idH Engineering Bedrock
Eo +Fp =Eq(e1" + e ™1) (53)

Putting Eqg.(46) and Eq.(50) into
Eq.(52). _ _
i(p2V2)o(Eo —F2) = i(p1VyoEq(e™ M —e ™M) (54)
P2V,

where, V
q - PV (56)



Eq.(53) : Eo +Fp = Eq(e™1 + o711
plus Eq.(55) 1 Eq —F, = aEq(e™11 —e M)

gives,
2E 4 = Eq{(1+a)e™ M + (1—a)e M)

2E

F4 =
1 iicqH

—ixqH

(1+a)e +{(1—a)e

From Eq.(53): Eg+Fo = E1(ei"‘1'_I + e M)
Fp =Eq(e™1H 1 e 1) _E_

Putting EQg.(58) into the above equation,

(53)

(55)

(57)

(58)



F2 B 2E0(eiK1H + e—iK1H)

_ _ LA
A+ )™M 1 (1- q)e M

1+ a)e™ M 4 (1- q)e M

 Eol(1- a)e™ M 4 (1+ a)e 1]
- iK1H —iK1H (59)

(1+a)e +{(1—a)e



The displacement Ug at the ground surface:

Ug =U1(z1 =0)=2E1

Us = uy(z4=0)
= 4Eo _ G.L <
(1_|_ (X)elKlH n (1_ Ot)e_IKlH Zl
1
_ 4E, H
— (eiK1H 4+ e kqH )+ a(eiK1H B e_iK1H) Surface Stratum
~ 4E 4 v l T
- 2cos(iqH) + i2a sin(iqH) ’ Eo
2
2E Engineering Bedrock
— o)
cos(kqH) +ia sin(kxqH) (60)
U 1
o (61)

2F, cos(kqH)+iasin(icqH)



Absolute value of UJ/(2E,) Is:

abs.(u—S = 1
2Eo \/COSZ(K]_H) + ol sinZ(KlH)
1
) (62)
\/cosz(mH)+ o’ sinz(@)
V1 V1
Outcrop

2E, Is the displacement of the
engineering bedrock, when the
surface stratum is removed
and the engineering bedrock is
In outcrop.

of Engineering Bedrock

2Eo
<

fe

Engineering Bedrock



Similarly, the displacement G.L

at the interface is given by: 1 l
Z, Surface Stratum
Ug =Ua(z2 =0)=Eq +F> H
Ug = ux(z,=0)
 2Egcos(kqH) v _ o = tiz=h)
~ cos(kqH) + ia sin(xH) ' T Eo
Z,
B 2E, Engineering Bedrock
“1triatan(eH) 03

Absolute value of U,/(2E,) is:

1 1
- n (64)
\/1+0‘ tanZ (ic4H) \/1+ozztan2((o
V1




Us

. . G.L
The ratio of U to Uz Is : X l A
7 Surface Stratum
Us  1+iatan(kxqH) (65) HI
U cos(1<1H)+|a sin(kqH) Ug
v 4
@
And the absolute value is: v T Eo
Z,
Abs ( ) 14 a2 tan2 (cqH) Engineering Bedrock
Us" 1\ cos?(kqH)+ a? sin?(iqH)
1+ a? tan (G\)/H)
1
- (66)
N cosz(@)+ a? sinz(m—H)
V1 V1



Solid Line : Abs.Us/(2,) Dotted Line : Abs. U/ (2E;)

|
: i |
Abs.Us/ (2E) |
4 =
Abs. U/ (2E) |
3

a=).2

NI NN A
LY - L B A
;‘l':’az “\l"%
x| N
0 1 2 3 Ax(r/2)

wH/V1
Abs.(Us/2E,) and Abs.(Ug/2E)



The f|rSt natural Solid Line : Abs.U/(2,) Dotted Line : Abs. U/ (2E)

6
circular frequency: j
o H/\V =n/2 5 | [\ p
4 ©,=(/2)(V,/H) B _
o
The second natural 3 0.4 ‘
circular frequency: | //{\ //\\
i 0.6
®,=3 O ; ;%0_6 é >\’
1 =\ =
. . [ ‘::| ':::{0-4 M 0",1"
The first natural period T, - f!":vl}l.zl “‘;‘,':
and frequency f,: "o : ;s ax (/2
T =21/ o,=(4H)/ V, I I
®; ®;

f,=1/ T,=V,/(4H)

The second natural period T, and frequency f,:
T,=T,/3 f,= 3f;



Abs. UJ/2E, at the
natural frequency is:

1/ a Abs. U/ (2E)

I a=0.2
3 A

When the impedance ratio
o IS smaller, the
amplification at the
natural frequency
becomes larger.

That is, when the surface
stratum is much softer
than the engineering
bedrock, the amplification
becomes much larger.

Solid Line : Abs_ U/ (2,,) Dotted Line : Abs. U/ (2E)

6 -

I

/ 0.4 \
N A\ [ /A\!
i 0.6 1/ A\
i % 0t max. Us/2Eo
| e\t | T
: ‘:e\- ';:<\04 Y !;11'
. Ny
. !":-I 0.2 'y |
0 1 2 3 4x(x/2)
I wH/NV1 I
®; ®;
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