Theory of Seismic Waves
(Part 1)

Nozomu Takeuchi

Ocean Hemisphere Research Center
Earthquake Research Institute, University of Tokyo



Chapter 1

Basic Elasticity Theory

1.1 Stress

Type of Forces

e body forces

— forces proportional to the volume of the object

— e.g.) gravity
e contact forces

— forces proportional to surface area

— e.g.) pressure in a fluid

Definition of Traction

Figure 1.1 (from Geller, 1993)



— asmall volume V' within a larger continuous medium.
— surface force F acting on an element of surface dS
— an outward unit normal vector n
Traction t for the normal vector n is defined as
_ F
to) = i s

Definition of Stress

Figure 1.2 (from Geller, 1993)

t) is traction for a normal vector in the x; direction

011 012 013 M 5@ 4G
o= om o o | = LY 6O $®
031 032 033 tg(l) t3(2) t3(3)

A general way of describing the forces acting within the body

Sign of Stress Components

Figure 1.3 (from Geller, 1993)

— a positive stress is a force pointing in the direction associated with the outward normal.
— 011, 099, 033: normal tractions

( 012, 013, 021, 023, 031, 032 shear tractions)
— positive normal traction = tension

negative normal traction = compression



Traction on an Arbitrary Surface

Figure 1.4 (from Geller, 1993)

Consider the infinitesimal tetrahedron with an arbitrarily oriented surface (area: dJS,
normal vector: n).

3
ti=> oyn,
j=1

Nature of Stress

Figure 1.5 (from Geller, 1993)
gij = 0ji (net torque should be zero)
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1.2 Strain

Definition of Strain

Figure 1.6 (from Geller, 1993)
<differential motion of adjacent particles>
oui(x) = ui(x+ 6x) — u;(x)
3
= ) u; (x)dx;
j=1

We decompose as

3
5ul- = Z (61']' + wij) 5SEj,
j=1

where
1
61‘]‘ = 5 (ui,j + Ujﬂ‘) s and
1
wij = 5 (Ui — ).
w;;: components of rigid rotations
e;j: components of deformations (strain tensor)
U1 % (U1 + us21) % (w13 +usq)
€ij = % (ug1 + ui9) U2 % (ug,3 + u32)
% (ugy + ui3) % (ug2 + ua3) Uu3,3
3 3
(dilatation: 6 = Z €ii = Zu” =AV/V)
i—1 i—1
Note
el-j = 63'1'.



Various Displacement Fields

enn #0, wy; =0

€19 7é 0, W19 7& 0 (left)
€19 % 0, W;j = 0 (I‘lght)

€ij = 0, wy 7’é 0
Figure 1.7 (from Geller, 1993)

1.3 Basic Equations

1.3.1 Constitutive Equations

Hooke’s law (isotropic media)

3
Oij = 52']‘ Z A €Lk + 2,LL eij

k=1
2-D case
011 A -+ 2/,6 A 0 €11
0929 = A A + 2,LL 0 €929
O12 0 0 I 2e12
3-D case
011 A+ 2,[1, A A 0 0 0 €11
029 A A+ 2/,L A 0 0 0 €92
033 . A A A+ 2,LL 0 0 0 €33
023 N 0 0 0 M 0 0 2623
031 0 0 0 0 pn O 2es1
o1 0 0 0 00 u)\ 2



Hooke’s law (general media)

1-D string case

2-D case

3-D case

011
022
033
023
031
012
032
013
021

3 3
045 = Z Z Cijk:l €kl

k=11=1

Cijm: elastic moduli
(4-th order tensor, 81 components)

og=Ce(=Cuy)

Ciii Cize Cihiz Cua €11

O Chzr Oz Cogon €22

Ciair Ciaze Ciaiz Cram €12

Cor1r Carzz Corz O €21
Cizs Chzs Cusi Ciiz Cuse Cinzs Ciaan
Oz Cooz Coazi Coziz Cazza Caoiz Caoan
Cs3zs Czzo3 Cszzr Cszin Cszzp Csziz Cssgg
Coszs Cazaz Cazzi Cozia Chsza Cagiz Cosgg
Cs133 Ca123 Csiz1 Csii2 Caize Caiiz Csion
Ciazz Chi2es Chrazi Craiz Chaza Ciaiz Cham
U323z 323 Csa31 Csorz Csaza Czoiz Coon
Cizzs Cizas Cissi Ciziz Cizze Ciziz Chso
Coizs Coraz Corzi Coriz Corze Conz Coarog

Symmetry of Elastic Moduli

Because o0;; = 0j; and ey = ey,
Cijki = Cjin

81 — 36 independent components

We usually further assume

2-D case

3-D case

Cllll

and Cijk:l = Cijlk-

Cijir = Chiij-
36 — 21 independent components

CV1111 CV1122 C(1112
C(2222 C(2212
C'1212
C11122 01133 01123 01131
CY2222 CY2233 CY2223 C12231
C’3333 C’3323 C’3331
C{2323 C’2331
C’3131

are independent components.

C11112
C’2212
C’3312
C’2312
03112
C’1212

are independent components.

€11
€22
€33
€23
€31
€12
€32
€13
€21




1.3.2 Dynamic Equation of Motion

Consider a block of material bounded by surfaces parallel to the coordinate axes.

Figure 1.8 (from Geller, 1993)
<inertial force in the x5 direction>
p s dry dre drs
<external force in the x5 direction>
fodrydxy das
<stresses in the x5 direction>

091 (21 + dx1 /2, 29, x3) dredrs — 091 (1 — dx1/2, 29, x3) dTods

+0o99 (21, X9 + dro /2, x3) dv1drs — 099 (X1, 9 — dX9/2, x3) dr1dXs

+093 (71, T2, 3 + dx3/2) dr1dry — 093 (X1, T2, T3 — dr3/2) dridxs
= 0911 dr1drodrs + 0920 dridrodrs + 093 3 dvidxedrs

3
= Z 02j,j dxldxgdx3

j=1
Thus, the dynamic equation of motion can be written as
3
p?fl dl‘ldIle'g = Z 014,5 d$1d$2d$3 -+ f1 dIldI‘deg
j=1

3
pUQ dl‘ldIgd{Eg = Z 02;.j dl‘ldﬂfgdl‘g + f2 diL’ld[L'Qd$3

i=1

3
pU3 d$1d$2dl’3 = Z 03j,4 d$1d$2dl'3 + f3 dxldl'gdl'g
j=1

or

3
pu; = Zaij,j + fi
)

(3 equations for 9 unknowns)




1.3.3 Summary

3
pu; = Zaij,j + fi

Jj=1

3
Z Cijkl €kl

1i=1

N
<

I
Moo

l\D\»—tﬁ

e = (ke + k)

or

3 3 3
pu; = Z Z Z (Cijkluk,l)J + fi
j=1k=11=1
(3 equations for 3 unknowns)

1.4 Boundary Conditions

<surface>
free surface conditions:
for horizontal surfaces:
013 = 023 = 033 =0

<solid-solid interfaces>
continuity of traction and displacement:

+ - + _ -
L=t , u =y
for horizontal interfaces:
+_ - + _ -
0i3 =043 , U =1U

<solid-liquid interfaces>
3 3 3 3
+o — o —
Doty = "tTng, Y owing =3 uin
j=1 Jj=1 j=1 j=1

3
ti+ —n; th+nj =0
j=1

(T denote the solid side, n; points to the liquid)
for horizontal interfaces:

tsm =137, usT =uy,

t =t =0

1.5 Useful Variables and Concepts

1.5.1 Stress Components in Different Coordinate System

e.g.)



Figure 1.9 (from Geller, 1993)
a =uzi€e; + x2€y + T3€,
= xl’ex/ + ch’ey/ + Jig/ezl

T cosf@ —sind 0 x

o | = | sin@ cosf 0 xs

T3 0 0 1 1'3,
x=Ax

traction and normal vectors in the new and old coordinate system:
t=At, n=An

relations between stress tensors and traction:

t=on, t =o0'n

Thus we have

’ od=A"10A ‘
For rotational coordinate transformations,
’ od=ATc A ‘
e.g.)
(01
“\10
/ 11
Figure 1.10 <x1/>:<\/% @)(g“)
(from Geller, 1993) T2 V2 V2 2
Thus

S-Sk
~——

11 1
(2 2) (0%

a0\

1

0



1.5.2 Principal Stresses

<tangential traction>
components along the
surface

<normal traction>
component perpendicu-
Figure 1.11 (from Geller, 1993) lar to the surface

<principal stress axes>
normal vectors of the surfaces where tangential tractions are zero.

How to Find the Principal Axes and Stresses
Principal axes n and principal stresses A\ satisfies

3
(tz :) ZU’U n; = )\nl
j=1

Thus, principal axes and stresses are eigenvectors and eigenvalues, respectively, of stress
tensors o, which are non-trivial solutions for the following equation

(O'Z‘j - )\52]) n; = 0.

1

3
Jj=

e.g.) principal axes and stresses for o = ( 01 ) .

10
-2 1
|cr—)\I|—‘ 1 _)\|—0 &S o A=1,-1
1 _ 1
( v2 ) and ( V2 ) are eigenvectors
V2 V2

for A =1 and A = —1, respectively.

Figure 1.12 (from Geller, 1993)
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, and are eigenvectors.

SIFSINE-
SILSI=E-
S-Sl

Stress and Traction in the Principal Axes

Consider we use coordinate system of the principal axes.
Stress tensors can be written as

A0 0
o= 0 \® o
0 0 O

Traction on an arbitrary surface of the normal vector n can be therefore written as

1.5.3 Surface with Maximum Tangential Traction

Consider we use coordinate system of the principal axes.
Tangential traction 7 on a surface of the normal vector n can be computed as

™ = ;titi — <Ztn>2
= Y (AOn)" - (Z A<Z‘>n£>2.

7

are ns to give local maxima of 7.

S Shsh
S st
S o

If AV < X® < XO) global maxima is

AG) — (D)
2

T =

on the surface of

=
I
m=tl-

Figure 1.13 (from Geller, 1993)
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Insight to Faulting

Figure 1.14 (from Geller, 1993)

AD @ G
h h | normal faulting | v: vertical

h v | thrust faulting | h: horizontal
v h | strike slip

=B <

1.5.4 Deviatoric Stresses

<mean stress>

1
P = § (0'11 + 09292 + 0'33)

<deviatoric stress>
Djj = 0i; — P by,

which are deviations of the stress from the mean (compressional) stress.

1.5.5 Kinetic and Strain Energy

<kinetic energy 1>

<strain energy W > X
W = i/zzzzeijcijklekldv
i j ok o1

or

1
W = 5/2222“”” Cijkt ugg AV
i ko1
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Chapter 2

Elastic Waves

2.1 Derivation of Elastic Wave Equation

Elastc Equation of Motion (without a source term):

8211,1'

ZZZ z]klukl i =P 12 =0

For homogeneous isortropic media, we have

9 0*u
A+p) V(V-u)+pV u—pﬁzo.
Using V2u =V (V-u) — V x V x u, we have
0*u
()\+2u)V(V-u)—ququ—pW—O.

We represent the vector field u by using a scalar potential v and a vector potential W:
u=Vy+VxWw

Substituing the above representation, we have

2

(A+mov(v%)—quvaﬁxw—p§L

P (Vy+V x¥) =0.

Rearranging terms, we have

2

ot?

2
Fﬂ+VXVVW¥p%R]:O

Vl()\+2ﬂ)v7 p

We thus have

0%y 0*W
A2u) VY —p—5 =0 W — =0
(A+2p) Vv Pz =0 Y% Paz =0,
or
1 0%y 1 0°W
Viy— = — =0 ve_ LT _,
o a7 G2 ot ’
where
_ A+ 20 5= M
p p



2.2 The Wave Equation

<one dimensional scalar wave equation> (in a homogeneous medium)

Py (x,t) 19y
Ox? v? Ot?

(x,t) =0

General solutions:
V(@ t)=Af({t+z/v)+Bg(t—z/v)

e.g.)

Figure 2.1 (from Geller, 1993)

<useful form of solutions>
a monochromatic (single frequency) wave

v = Aexp(iw(ttaz/v)))
= Aexp(i(wt £ kx)

)
= Aexp (27?2’ (; + i))

<Commonly Used Wave Variables>

units
Velocity m/s v=w/k=fA
Frequency /s f=w/2r)=1/T =v/X
Angular Frequency 1/s w=2nf=2n/T
Period S T=2r/w=1/f
Wavelength m A=2n/k=v/f=1uT
Wavenumber 1/m k=2m/A=w/v

<3-D scalar wave equation> (in a homogeneous medium)
1 9%y
o® ot

a monochromatic (single frequency) plane wave

V2 (x,t) — (x,t) =0

v(x,t) = Aexp(i(wttk-x)), |kl =w/a

14



<3-D vector wave equation> (in a homogeneous medium)

1 0°W

V2‘II (X, t) — ?W

(x,t) =0

a monochromatic (single frequency) plane wave

W(x,t) = Aexp(i(wtxtk-x)), |kl=w/p

Figure 2.2 (from Geller, 1993)

2.3 P and S Waves

1 0%y A+ 2
Vi — = — =0, =,/ .
7 a? ot? “ p

a plane wave traveling in the +z direction

<P wave>

Y(z,t) = Aexp(i(wt —kz)), k=w/a

u=V~y=(0,0,—ikA)exp (i (wt — kz))

The displacement is along the propagation direction.

1 0*® "
VW - = =0 =-
[% ot ’ p p

a plane wave traveling in the +2z direction

<S wave>

W(z,t)=Aexp(i(wt—kz)), k=w/p

u=VxW¥=(ikA,, —ikA,;,0)exp (i (wt — kz))

The displacement along the propagation direction is zero.
0=V.-u=0

15



S wave causes no volume change.

Figure 2.3 (from Geller, 1993)

<SV and SH waves>

Figure 2.4 (from Geller, 1993)

SV: component along a vertical plane that is parallel to the wave number vector
SH: component parpendicular to the vertical plane

16



Chapter 3

Reflection and Refraction

3.1 SNELL’S LAW

Figure 3.1 (from Geller, 1993)

Apparent Velocity

Cop= — = — (: incident angle)

Snell’s Law

o — ap B o Q B2
xr — . . - . . - . . - . .
sin?;  SInj;  Sln?g  SIN Js

Figure 3.2 (from Geller, 1993)

Ray Parameter




e is often more useful than the apparent velocity

e p is always constant for any ray in a laterally homogeneous medium

Critical Angle

Figure 3.3 (from Geller, 1993)

iy = sin~! {0‘2 (sim'l)} when 2 (sind;) < 1.
aq (0%}

. aq . "
sini, = — (i, : critical angle) .
Q2

Figure 3.4 (from Geller, 1993)

3.2 Reflection and Transmission Coefficients

SH Waves

18



Figure 3.5 (from Geller, 1993)

= Bjexp (z (wt — kyx + kiz)) + By exp (z (wt — kyx — k:;z))
= Byexp (z (wt — kyx + k?z))

A VIS

prw? = p (R + kL) pou® = py (k” + k)

Boundary conditions at z = 0:
<displacement continuity>

By exp (i (wt — ky)) + By exp (i (wt — ky)) = Byexp (i (wt — ky))
<traction continuity>

ik iy By exp (i (wt — kyt)) — ikl By exp (i (wt — ky))
= ik?us By exp (i (wt — ky))

Transmission Coefficient

po B 2wk
By k! + pok?
Reflection Coefficient
By ikl — pok?
R = — = ﬁ
By ik, + pok;
or
T 2p151 cos J1
p151 cos J1 + pa s cOS Jo
R— P11 cos ji — pafa cos Jo

~ p1B1 cos ji + pafa cos jo

SH waves at vertical incidence

_ 20161
p1B1 + p23a

R— p1B1 — p2f2
p1B1 + p232

19



pf3: acoustic impedence

Free Surface

Post-Critical Waves

Figure 3.6 (from Geller, 1993)

= Bl exp (z (wt —kyx + k;z» + Bl exp (z (wt — kyx — k;z))
= Byexp (z (wt — kx) + k:g*z)

<T@

pw’ =g (ke +E0) et = (7 2

Boundary conditions at z = 0:
<displacement continuity >

By exp (i (wt — ky)) + By exp (i (wt — ky)) = Byexp (i (wt — ky))
<traction continuity>
ik;ulél exp (i (wt — kyx)) — ik;mBl exp (i (wt — k,x))

= k*uyByexp (i (wt — ko))

Transmission Coefficient

BQ . 2#1]45;
By uk; —ipgkZ

Reflection Coeflicient

B ﬁ okl +ipgk?

R=—= - ”
B Mlk; - wzkf

(18] =1)

20



e The amplitude of the transmitted wave decays as the distance from the interface
inreases.

e 1o vertical energy transportation in the upper layer

e phase shift in the reflected wave

Figure 3.7 (from Shearer, P.M., 1999)

P-SV Waves

Figure 3.8 (from Geller, 1993)

0
u=Vy+Vx| ¥
0

A= A exp (z (wt — kyx + k;az)) + A exp (2 (wt — kyx — k‘;az))
72 = Ag exp (z (wt — kyx + k‘gaz))

21



Ul = Bl exp (z (wt — kyx — kiﬁz))
U2 = BQ exp (z (wt — k,x + kfﬁz))

pme? = (O +2m) (k* +EL7)
P2 w? = ()\2 + 2,u2) (km2 + kgaQ)
pw? = (/‘sz + kiﬁz)

paw? = o (kxz + kzﬁg)

oyt out oyt ol

T Ox 0z’ 2 0z oz

oy?  0v? oy?  ow?
2 2 _ 2 -
e ox 0z’ Ue = 0z + oz

8271 82\111 82\111
Oz, — M1 2 - +

0x0z 022 0x?
82’71 anl)

1 2 1
% = MV +2M1<822 +8;E82

) ( 8272 82\1’2 82\112>
= 2|2

0x0z 022 + 0x?

2,2 22
o2, = ANV +2u <8 9 )

022 * 0x0z
Bounday conditions at z = 0:

<displaycement>
—ik, Ay — ik, Ay + ikl By = —ik, Ay — k%, By
ikl Ay — ik Ay —ik,By = ik, Ay — ik, By
<traction>
i {2 (—iky) (ikl, ) A + 2 (=ik,) (—ikl,) Ay
— (—ikly) (=ikly) By + (—iks) (—iks) Br}
= {2 (=iky) (ik2,) Az — (ik2,) (ik25) Ba + (—ika) (iky) Ba}
M {(=iky) (—ika) Ay + (k) (ik,) Ay
t+(—iky) (—ike) Ay + (—ikl,) (—ikl,) Ai}
2 { (ik2,) (ikly) Av + (=ikl, ) (—ikL,) Av + (—iks) (—ikls) Bi}
= N {(—iks) (=iks) Ay + (ik2,) (ik2,) 42}
+2uz { (ik2, ) (ik2,) As + (—iky) (ik%5) Bs}

22



In detail, these formulas make repeated use of the variables

a

C

pa (1—=263p%) — pr (1-2810°) ,
o1 (1=2800°) + 20830°,

b
d

and repeated use also of the cosine-dependent terms

po (1=2850%) + 20181,

2 (P2522 - plﬂ%) )

The main formulas are

pp
PS
PP
PS
SP
SS
SP
S8
pp
Ps
PP
PS
SP

SS

P o bcosil +Ccosi2’ P bcosyl cCOSjQ,
aq Qg 51 52
o - a_dcosilcosj27 H - a_dCOSi2COSj17
ar P ay By
= EF+GHp* = (detM) / (10051 52)
— [(b“’s“ - COS“) F- (a + dCOS“COSj2> HPQ] /D,
(o701 %) ap B
_ _zcos 11 (ab n Cdcos 19 COS]2> pen/ (D),
a1 a B
COS ¢
= 2p——Fay/ (asD),
g
COS 1
= 2m alal/ (B2D) ,
(651
_ ot ( b+ dCOSZ2 COS]Q)pﬁl/(mD),
I B2
oS J1 COS Jo COS ig COS J1 2
= — b — FEF—1la —+ d G D>
K B B2> ( Qg ﬁ1> p]/
CoSs J
= —2p; J1 Gpﬁl/ (agD),
o
cos j
= 2p leﬁﬁ/ (B2D) ,
I
= 2py COSZQFOQ/ (n D),
(%)
cos 1t
= —2p, 2Gpozz/ (2D),
_ [(bcoszl _ coszg) Fa <a+dcosi2 cosj1> szl /D,
o Qg &%) B
_ oioSn2 <ac 4 pgsn COSJI) pas/ (B2D),
Qy a1 B
cos
= 20, s, (0, D),
B2
cos
= 2py B]2E52/(51D)7

23



COS J2 COS %1 COS J1

5 o B >p52/ (D),

L cos j1 COS Jo COS 11 COS Ja 2
$S — b —c E+la+d H D
K B Bo ) ( aq B ) b ] /

SP = 2

<ac + bd

“Quantitative Seismology” by Aki & Richards
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Chapter 4

Surface Waves

Figure 4.1 (from Shearer, P.M., 1999)

We try to find the waves
e propagating in the horizontal direction

e satisfying both the free surface conditions and the elastic equation of motion

Rayleigh Waves in a Homogeneous Halfspace

Horizontally propagating waves:

v = Aexp (i (wt — kpx) — k0 2)
U = Bexp(i(wt—kyx)— k.p2)

Free surface boundary conditions:
pA2 (=iky) (—kza) A — (=k.p) (—kzp) B + (—iks) (—ik.) B} =0

25



A {(_ka) (_ka) A+ <_kza) <_k2a> A}
+2M {(_kza) (_kza) A+ (_Zkac) (_kzﬁ> B} =0

Dikke (k4 k) Y (AN _ (0
—k A 4 koo (N4 2u) ikyk.p 1t B 0

To have non-trivial solutions, we need

Dikighso — (ka” 4 kag”) o
—k A F kot (N + 2p) ik, k.p 1t

After tedious mathematics, we have

2 2 .2 1/2 2 1/2
For the medium with A = x (i.e. a = v/383), we have
2
€= o —0.91948
3+V3

The apparent velocity of the Rayleigh wave is slightly less than the shear velocity.
(for a homogeneous halfspace with A\ = p)

Rayleigh Wave Displacements

Figure 4.2 (form Shearer, P.M., 1999)

Type of Surface Wave

P-SV surface wave: Rayleigh wave
SH surface wave: Love wave

Generally speaking,
Love wave speed > Rayleigh wave speed

26



Dispersion

PATH2

event

PATH1

PATH 1

PATH 2

Figure 4.3
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